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Abstract. We give examples of actions of Z/2Z on AF algebras and AT alge- 
bras which demonstrate the differences between the (strict) Rokhlin property 
and the tracial Rokhlin property, and between (strict) approximate repre- 
sentability and tracial approximate representability. Specific results include 
the following. We determine exactly when a product type action of Z/2Z 
on a UHF algebra has the tracial Rokhlin property; in particular, unlike for 
the strict Rokhlin property, every UHF algebra admits such an action. We 
prove that Blackadar's action of Z/2Z on the 2°° UHF algebra, whose crossed 
product is not AF because it has nontrivial i-fi-group, has the tracial Rokhlin 
property, and we give an example of an action of Z/2Z on a simple unital AF al- 
gebra which has the tracial Rokhlin property and such that the Ko-group of 
the crossed product has torsion. In particular, the crossed product of a sim- 
ple unital AF algebra by an action of Z/2Z with the tracial Rokhlin property 
need not be AF. We give examples of a tracially approximately representable 
action of Z/2Z on a simple unital AF algebra which is nontrivial on Kq, and 
of a tracially approximately representable action of Z/2Z on a simple unital 
AT algebra with real rank zero which is nontrivial on K\ . 



0. Introduction 

The tracial Rokhlin property for actions of finite groups on C*-algcbras was in- 
troduced in |26j for the purpose of proving that every simple higher dimensional 
noncommutative torus is an AT algebra (done in |27|L and proving that certain 
crossed products of such algebras by finite cyclic groups are AF algebras (done 
in 5 ). The purpose of this paper is to provide other examples of actions of fi- 
nite cyclic groups with the tracial Rokhlin property on C*-algebras with tracial 
rank zero. We demonstrate by example the differences between the (strict) Rokhlin 
property and the tracial Rokhlin property, and between (strict) approximate rep- 
resentability (Definition 3.6(2) of ^I]) an d its tracial analog, tracial approximate 
representability (Definition 3.2 of [2HD- (To emphasize the distinction with their 
tracial analogs, in this paper we refer to the strict Rokhlin property and to strict 
approximate representability.) In 4 , Blackadar constructed an action of Z/2Z on 
the 2°° UHF algebra such that the crossed product has nontrivial -ftfi-group, and 
is hence not AF. As one of our examples, we prove that this action has the tracial 
Rokhlin property. Earlier, in one of the exercises (10.11.3) of his book |2J, Blackadar 
gave an example of an order two automorphism of Kq(A) for a simple separable 
AF algebra A such that, if this automorphism could be implemented by an order 
two automorphism of A, then the resulting crossed product by Z/2Z would have 
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torsion in Kq or nontrivial K\. With a very slight modification of Blackadar's alge- 
bra (we use Z[|] © Z instead of Z[i] © Z), our examples include actions of Z/2Z 
on this AF algebra with the tracial Rokhlin property such that Kq of the crossed 
product has a summand isomorphic to Z/2™Z, and also actions with the tracial 
Rokhlin property such that K\ of the crossed product is nonzero. 

Our results give counterexamples to various strengthenings of results in |2fi| . In 
particular, using the notation Z ra for Z/nZ: 

• Even on a UHF algebra, an action of Z„ with the tracial Rokhlin property 
need not have the strict Rokhlin property, and in fact the crossed product 
by such an action can have nontrivial -ftTi-group, so need not be AF. See 
Example l3.il and, for a simple AF algebra which is not UHF, Example 14. 51 

• The crossed product of a simple unital AF algebra by an action of Z„ with 
the tracial Rokhlin property can have torsion in its -Ko-group — even if the 
action is tracially approximately representable. See Example 14.11 

• If an action a of Z n on a simple unital C*-algebra A with tracial rank 
zero is strictly approximately representable and has the tracial Rokhlin 
property, it does not follow that the automorphisms of the dual action are 
approximately inner — even if A is UHF and a is locally representable in 
the sense of Section I of 0. See Example 12.81 

• If an action a of Z„ on a simple unital C*-algebra A with tracial rank zero is 
tracially approximately representable and has the strict Rokhlin property, 
it does not follow that the dual action has the strict Rokhlin property — even 
if A is AT. Use the dual of the action in Example 13. II 

• A tracially approximately inner automorphism of a simple unital C*-algebra 
A with tracial rank zero need not be trivial on Kq{A) — even if A is AF and 
a generates an action of Z„ with the strict Rokhlin property. Use the dual 
of the action in Example 12. 81 

• A tracially approximately inner automorphism of a simple unital C*-algebra 
A with tracial rank zero need not be trivial on K\(A) — even if A is AT and 
a generates an action of Z„ with the strict Rokhlin property. Use the dual 
of the action in Example 13. II 

• There is an action a of Z„ on a simple AF algebra such that such that 
C* (Z„ , A, a) is again a simple AF algebra, but such that a does not have the 
tracial Rokhlin property. This can happen even when the dual action has 
the strict Rokhlin property and a is strictly approximately representable, 
even locally representable in the sense of Section I of 0. See Example 12. 91 

• The dual of an action with the tracial Rokhlin property need not have 
the tracial Rokhlin property, even when both the original algebra and the 
crossed product are simple AF algebras, and even when the original ac- 
tion in fact has the strict Rokhlin property. Use the dual of the action in 
Example [231 

Examples involving actions on simple C*-algebras which do not have tracial rank 
zero, many of them on simple C*-algebras with tracial rank one, will appear in |21j . 

The first section contains preliminaries. In particular, we recall the most impor- 
tant definitions, and we give a new criterion for an action to have the tracial Rokhlin 
property. The second section contains three examples of product type actions of 
Z2 on the 2°° UHF algebra. Along the way, we give a criterion for exactly when 
such a product type action has the tracial Rokhlin property. The third section 
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contains the proof that Blackadar's action has the tracial Rokhlin property. The 
fourth section gives the examples of the kind suggested by 10.11.3 of [2]. In the last 
section, we state some open problems. 

This paper contains the results in Section 12 of the unpublished preprint |25j . 
with some of the examples put in a more general framework, as well as some of the 
material from Section 13. Section 4 here is entirely new. 

We use the notation 1 n for Z/nZ; the p-adic integers will not appear in this 
paper. If A is a C*-algebra and a: A — ► A is an automorphism such that a n — 
id a, then we write C*(Z„, A, a) for the crossed product of A by the action of Z n 
generated by a. We write A ss , for the set of selfadjoint elements of a C*-algebra A. 
We write p ^ q to mean that the projection p is Murray- von Neumann equivalent to 
a subprojection of q, and p ~ q to mean that p is Murray-von Neumann equivalent 
to q. Also, [a, b] denotes the additive commutator ab — ba. We denote by T(A) the 
set of all tracial states on a unital C*-algebra A, equipped with the weak* topology. 
For any element of T(A), we use the same letter for its standard extension to M n (A) 
for arbitrary n, and to M 0O (A) = \J™ =1 M n (A) (no closure). 

I am grateful to Masaki Izumi for discussions concerning the (strict) Rokhlin 
property. In particular, he suggested Example 12.91 I would also like to thank 
Hiroyuki Osaka for carefully reading earlier versions of this paper, and catching a 
number of misprints and suggesting many improvements. 

1. The tracial Rokhlin property and tracial approximate 

representability 

We recall the properties we will use. Since we will be almost exclusively con- 
cerned with stably finite C*-algebras, we give the simpler versions of the tracial 
Rokhlin property and of tracial approximate representability that are valid for the 
finite case. The following is Definition 1.1 of 26 . It is essentially Definition 3.1 
of although that definition is stated in terms of central sequences. See the 
discussion after Definition 1.1 of (20] for the equivalence of the two definitions. 
We furthermore call the condition the strict Rokhlin property, to emphasize the 
distinction with the tracial Rokhlin property. 

Definition 1.1. Let A be a unital C*-algebra, and let a : G — > Aut(A) be an action 
of a finite group G on A. We say that a has the strict Rokhlin property if for every 
finite set F C A, and every e > 0, there are mutually orthogonal projections e g 6 A 
for g 6 G such that: 

(1) \\a g (e h ) - e gh \\ < e for all g,he G. 

(2) \\e g a — ae g \\ < e for all g £ G and all a e F. 

( 3 ) T, g eG e a = L 

The following is a special case of Lemma 1.11 of We specialize to cyclic 
groups because we only use cyclic groups in this paper, and to establish notation 
for the projections used in the tracial Rokhlin property for finite cyclic groups. 

Lemma 1.2. Let A be a finite infinite dimensional simple unital C*-algebra, and 
let a S Aut(vl) satisfy a n = id a- The action of Z n generated by a has the tracial 
Rokhlin property if and only if for every finite set F c A, every e > 0, and 
every nonzero positive element x € A, there are mutually orthogonal projections 
eg, ei, . . . , e„_i S A such that: 
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(1) ||a(ej) — ej+i\\ < e for < j < n — 1, where by convention we take the 
indices mod n, that is, e n — eo- 

(2) \\eja — acj\\ < e for < j < n — 1 and all a £ F. 

(3) With e = X)j=o e j'i the projection 1 — e is Murray- von Neumann equivalent 
to a projection in the hereditary subalgebra of A generated by x. 

The following definition is equivalent to Definition 3.6(2) of [H]. The definition 
of is actually stated in terms of central sequences, but it is equivalent to our 
definition by Lemma 3.1 of |26| . Also, we use the term strictly approximately rep- 
resentable to emphasize the distinction with tracially approximately representablc. 

Definition 1.3. Let A be a unital C*-algebra. An action a: G — > Aut(A) of a 
finite abelian group G on A is strictly approximately representable if for every finite 
set F C A and every e > 0, there are unitaries w g £ A such that: 

(1) ||a g (a) — w g aw*\\ < e for all a £ F and all g £ G. 

(2) \\w g w h - w gh \\ < e for all g, h £ G. 

(3) \\a g (w h ) - w h \\ < e for all g, h £ G. 

Lemma 1.4 (Lemma 3.3 of Let A be a finite infinite dimensional simple 

unital C*-algebra, and let a: G — * Aut(A) be an action of a finite abelian group G 
on A. Then a is tracially approximately representable if and only if for every finite 
set F C A, every e > 0, and every positive element x £ A with = 1, there are 
a projection e £ A and unitaries w g £ eAe such that: 

(1) \\ea — ae\\ < e for all a £ F. 

(2) || a g (eae) — w g eaew*\\ < e for all a £ F and all g £ G. 

(3) \\w g Wh — w g h\\ < e for all g,h £ G. 

(4) \\a g (w h ) - Wh\\ < £ for all g, h £ G. 

(5) 1 — e is Murray-von Neumann equivalent to a projection in the hereditary 
subalgebra of A generated by x. 

We have the following duality between the (tracial) Rokhlin property and (tra- 
cial) approximate representability. 

Theorem 1.5 (Lemma 3.8 of QI]). Let A be a unital C*-algebra, and let a: G — > 
Aut(j4) be an action of a finite abelian group G on A. Then: 

(1) a has the strict Rokhlin property if and only if a is strictly approximately 
representable. 

(2) a is strictly approximately representable if and only if a has the strict 
Rokhlin property. 

Theorem 1.6 (Theorem 3.12 of j2E])- Let A be an infinite dimensional simple 
unital C*-algebra, and let a: G — > Aut(A) be an action of a finite abelian group G 
on A such that C*(G, A, a) is also simple. Then: 

(1) a has the tracial Rokhlin property if and only if a is tracially approximately 
representable. 

(2) a is tracially approximately representable if and only if a has the tracial 
Rokhlin property. 

Remark 1.7. We point out that if A is an infinite dimensional simple unital C*- 
algebra, and if a : G — > Aut(A) is a tracially approximately representable action of 
a finite abelian group G on A, then each a g is tracially approximately inner in the 
sense of Definition 5.1 of |2fi| . 
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We now give a useful criterion for an action to have the tracial Rokhlin property. 

Lemma 1.8. Let A be a separable infinite dimensional simple unital C*-algebra 
with tracial rank zero. Let a: G — > Aut(A) be an action of a finite group G on A. 
Suppose that for every finite set F C A and every e > there are positive elements 
a g £ A for g £ G, with < a g < I , such that: 

(1) a g ah = for g,h £ G with g =/= h. 

(2) \\a g (a h ) - a gh \\ < e for all g,heG. 

(3) || a g c — ca g \\ < e for all g £ G and c £ F. 

(4) r ^1 — J2 g eG a g) < 6 f° r ever y tracial state t on A. 
Then a has the tracial Rokhlin property. 

Proof. We verify the criterion of Theorem 5.3 of 5 using Conditions (1), (2), 
and (3') there. Thus, let S C A be finite and let e > 0. Set n = card(G). Choose 
£ > so small that 2 V / \2n + l)e + (2n + 5)e < £• 

Apply the hypothesis with S as given and with Eq in place of e. For each g £ G, 
use real rank zero to choose a projection e g £ a g Aa g such that ||e g a g — a 9 || < Sq 
and ||a g e g — a g \\ < Eq. Then \\e g a g e g — a g \\ < 2sq. So 

^ T(ehdheh) > r(a/j) - 2ne > 1 - (2n + l)e - 

heG h£G 

Since X)/ieG r ( e ' 1 ) — ^ (because the are orthogonal) and e^a^e^ < e/t for all 
h £ G, we get, for each g £ G and r S ^(A), 

T(e s ) < 1 - X! r ( efc ) - 1 _ X! T ( e haheh) < T(e g a g e g ) + (2n + l)e . 

Therefore < r(e g — e g a g e g ) < (2n + 1 )eq. 

Recall the L 2 -norm (or seminorm) associated with a tracial state r of a C*- 
algebra A, given by ||a||2, T = T(a*a) 1 / 2 , as used in Section 5 of Using ||(e g — 
e g a g e g) 1 ^ 2 \\ < 1 at the third step, we now have 

IK - e g a g e g \\ 2>T < \\(e g - egageg) 1 / 2 1| 2 J(e g - e g a g e g )^ 2 \\ 
< r(e g - e g a g e g ) 1/2 < A /(2ra+ l)e . 

so that 

||e g - a g \\2,T < ||e s - e g a g e g || 2 , T + l|e g a g e g - a 9 || < V(2n + l)e + 2e . 

Now we can verify Conditions (1), (2), and (3') of Theorem 5.3 of Let 
t e T(A). Then for g,h £ G we have 

||a ff (e/i) - e 9 h||2,T < ||e g - aglkr + ||e g - a g ||2,r + ||a g (a/j) - a gh \\ 

< 2(V(2n + l)eo + 2e ) + £o < e, 
and for g £ G and c £ S we have 

||[e g ,c]|| 2 ,r < 2||e g -a g || 2 , T + ||[a g ,c]|| < 2(V(2n + f )e + 2e ) + e Q < e. 
Also, using 

T{e g ) > T(e g a g e g ) > r{a g ) - \\a g - e g a g e g \\ > r(a g ) - 2e , 

we get 

T ( 1 -T, geG e s) <(2n+f)e < £ . 
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An application of Theorem 5.3 of p] completes the proof. I 

Theorem 1.9. Let A be a separable infinite dimensional simple unital C*-algebra 
with tracial rank zero. Let a: G — ► Aut(A) be an action of a finite group G on A. 
Suppose that for every finite set F C A and every e > there are positive elements 
a g £ A for g £ G, with < a g < 1, such that: 

(1) ||a a a/i|| < £ for g, ft, G G with <? 7^ /i. 

(2) \\a g (a h ) - a g h\\ < e for all g,h £ G. 

(3) ||a fl c — ca g | < e for all g G G and c £ F. 

(4) r ^1 — X) 9 6G a s) < e f° r ever Y tracial state r on A. 
Then a has the tracial Rokhlin property. 

Proof. We prove that the hypotheses imply those of Lemma 11.81 Let F C A 
be finite and let e > 0. Without loss of generality ||c|| < 1 for all c € F. Let 
B be the universal (nonunital) C*-algebra generated by selfadjoint elements d g 
for g £ G, subject to the relations < d g < 1 and d g dh = for g ^ h. Let 
n = card(G). Then B is isomorphic to the cone over C™, and is hence a projective 
C*-algebra. (See Lemmas 8.1.3 and 10.1.5 and Theorem 10.1.11 of (TBJ-) Therefore 
it is semiprojective (Definition 14.1.3 of ^H])- Thus, using Theorem 14.1.4 of ^H] 
(see Definition 14.1.1 of JHIi an( A take B there to be {0}), there is 8 > such that 
whenever D is a C*-algebra and d g £ D, for g £ G, are positive elements with 
< d g < 1 and such that Hdgdhll < 8 for g ^ h, then there are positive elements 
a g £ D for g £ G with < a g < 1 such that a g au = for g ^ h and 

||a 9 - d g \\ < min \n~ x e) 

for all g £ G. Apply our hypotheses with F as given and with min (^£, <5) in place 
of e, obtaining d g £ A for g £ G, and let a g € ^4 be as above. The relation a g ah = 
for g ^ h is Condition of Lemma fOl For @, estimate 

IKK) - a gh \\ < \\a g (d g ) - d gh \\ + \\a g - d g \\ + \\a gh - d gh \\ < \e + \e + \e = s. 
For use ||c|| < 1 for c £ F to estimate 

||a p c — ca g \\ < \\dgc-cdg\\ + 2\\a g - d g \\ < \e + 2 (^e) = e. 

Condition Q follows from ||a 9 — < ^n~ 1 e for 5 G G and r ^1 — X^geG^s) ^ l e - 
This completes the proof. I 

2. Product type actions 

The three main examples in this section are product type actions of Z2 on the 
2 00 UHF algebra D. In each case we represent D as an infinite tensor product, 
and the automorphism generating the action as an infinite tensor product of inner 
automorphisms . 

It is useful to first develop some theory. For simplicity, we consider only actions 
of Z2 . This class of actions has been considered several times before, particularly 
in [7] and ^1] (which concentrate on the fixed point algebras) and in HJ. For the 
convenience of the reader, and to establish notation, we start from scratch. There is, 
however, some overlap with earlier work. The formula in Lemma l2.3l(5*)l is given, in 
different terms, in 1.3 of jjj. Lemma 1.6.1 of gives the equivalence of Q and © 
of Proposition ^. 41 together with several other equivalent conditions similar to Q. 
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Example III. 4 of [H] contains the equivalence of © and (J3J of Proposition 12. 51 and 
the final statement. The equivalence of (j2J and J2J in Proposition ^. 6l is Lemma 1.4.1 

"I'm- 

A complete description of the ordered K-theory of the crossed product seems 
complicated, except when it is a UHF algebra. We say little about it here. A 
partial description can be found in 2.2 of [xj- (It is actually intended for the fixed 
point algebra, but the situation considered also covers crossed products.) A different 
partial description can be found in Example III. 4 of UJ. 

Lemma 2.1. Let D be an infinite tensor product C*-algebra and let a G Aut(L>) 
be an automorphism of order two, of the form 

oo oo 

D = (g)Mfc (n) and a = (g) Ad(p n - q n ), 

n—l n—1 

with k(n) G N and where p n , q n G M/-/ n ) are projections with p n + q n = 1. Let 
D n = ®m=i Mk(m), so that D = limL>„, and write D n = M((„), where t(n) = 
n«,=i k(m). Then the direct system of crossed products can be identified as 

C*(Z 2 ,D n ) 2 M t(n) 0%), 

with the dual action given by the flip er n (a, b) = (b, a) for a, 6 G M t t n \, and where 
the maps 

V>n : M t ( w _i) © M t(n _i) -► M t(n) © M t(n) 
of the direct system are given by 

ij) n {a>b) = (a® p n + b<g> q n , b®p n + a<g> q n ) 
for a, b £ M t („_x). Moreover: 

(1) C*(Z 2 ,£>,a) is a unital AF algebra. 

(2) Kq(C* (7,2, D, a)) is the direct limit of the system 

z 2 -^u z 2 z 2 -^U • • • , 

in which the nth term is identified with Kq(Mh u ) © -^t(n)) m the obvious 
way, with 

_ / rank(p„) rank(g„) \ 
y rank((j„) rank(p„) y ' 

The isomorphism identifies a* with the direct limit of the maps (j, k) i— > 
(fc,j) on Z 2 . 

(3) The action of Z 2 generated by a is strictly approximately representablc 
(Definition [OJ. 

(4) The dual action on C*(72,D,a) has the strict Rokhlin property (Defini- 
tion nj. 

(5) For any subset ScN, the automorphism a is unchanged if p n and q n are 
exchanged for every n G S. 

Proof. For n G N and a unitary u G M n with v 2 — 1, we use the isomorphism 
C*(Z2, M n , Ad(u)) — ► M n © M n which sends a G M„ to (a, a) and the canonical 
unitary of the crossed product to (v, —v). The identification of the direct system of 
crossed products is then a calculation, which we omit. The K-theory computation 
in Part (J2J) follows. Parts 0) and @ are immediate. Part follows from Part 
and Theorem ll~5l|2"|) . Part © follows from the fact that Ad(-iu) = Ad(w). I 
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Notation 2.2. For a product type automorphism a as in Lemma \'2. II we assume, 
as Lemma I2.1lj5|l says we may, that rank(p n ) > rank(q„) for all n. We then define 

_ rank(p n ) - rank(<?„) > 
rank(p„) + rank(g n ) ~~ 

for n £ N, and, for m < n, 

A(m, 71) = A m +iA m +2 • • • A„ and A(m, oo) = lim A(m, n). 

n — >oc 

We furthermore use a interchangeably for the action of I2 and for the nontrivial 
automorphism which generates it, and we use a interchangeably for the dual action 
of Z2 on C*(Z2, D, a) and for the nontrivial automorphism which generates it. 

It is useful to be able to condense the infinite tensor product description by 
omitting intermediate terms. 

Lemma 2.3. Let D and a G Aut(D) be of the form 

N N 

D = (§§ M k[n) and a = (g) Ad(p„ - q n ), 

n—l n—1 

with k(n) 6 N and where p n , q n € Mf.r n ) are projections with p„ + q n = 1 and 
rank(p„) > rank(<7„). Set i = n^Li k(n). Then there exist projections p,q 6 Af t , 
with p + q = 1 and rank(p) > rank((j), such that there is an isomorphism D = M t 
which intertwines a with Ad(p — q). Moreover: 

(1) With T n as in Lemma f2.1lj2"ll . the ranks of p and q are determined by the 
equation 

/ rank(p) rank(q) 
y rank(g) rank(p) 

(2) If for some n we have rank(p„) = rank(g„), then rank(p) = rank(g). 

(3) If for all n we have rank(p„) > rank(g n ), then rank(p) > rank(g). 

(4) If for some n we have rank(<7„) > 0, then r&nk(q) > 0. 

(5) We have 

rank(p) — rank(g) -1^- rank(p n ) — rank(g„) 
rank(p) + rank(g) -'-jf- rank(p n ) + rank(g n ) 

Proof. For all parts, the general case follows from the case N — 2 by induction, so 
we do only that case. Set 

p = p\ ® P2 + qi <8> <?2 and q — p\ ® q 2 + qi <8> P2- 

Then one checks that p + q = 1 and (pi — qi) ® (p2 — 92) = P — 9- Taking the 
differences of the dimensions of the eigenspaces, we get 

rank(p) — rank(g) = [rank(pi) — rank(g 1 )] [rank(p 2 ) — rank(q 2 )]- 

So rank(p) > rank(g). We have now proved the main statement and Part 
Parts 0, ©, and 10} are immediate. Part (J5J follows by dividing the last equation 
byt=fc(l)fc(2).l 

The implication from J2J) to Q in the following lemma is related to Example 3.2 

of m. 



J — TnTn-i ■■■Tx- 
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Proposition 2.4. Let a E Aut(D) be a product type automorphism of order 2 as 
in Lemma \'2. II and adopt Notation 12. 21 Then the following are equivalent: 

(1) The action a has the strict Rokhlin property. 

(2) The dual action a is strictly approximately representable. 

(3) There are infinitely many n € N such that rank(p n ) = rank(q„) (that is, 
A„ = 0). 

(4) C*(Z 2 ,D,a) is a UHF algebra. 

(5) K (C*(Z 2 ,D,a)) is totally ordered. 

(6) a* is trivial on K (C*(Z 2 ,D,a)). 

Proof. That JlJ implies (0) follows from Theorem IT~5lfl"Jl . It is immediate that (@J 
implies (J2J. Also, J5J implies © because approximately inner automorphisms are 
trivial on K-theory. 

We prove that © implies and (0J. Using Lemma f2. 31(2)) . we may pass to a 
subsystem and assume that rank(p„) = rank(g„) for all n. Then for every n there 
is v n £ M fc („) such that v n v n = p n and v n v„ = q n . 

To verify the strict Rokhlin property, thus proving JQ), it suffices to consider 
finite subsets F of the dense subalgebra (Jn=i ^ n ^- Then there is N such that 
F C D N . Define / € M fe(Ar+1) by / = ^(pN+i+qN+i+VN+i+v* N+1 ). Computations 
show that / is a projection and (j>n+i — QN+i).f(PN+i — Qn+i) = 1 — /• The 
projections required for the strict Rokhlin property using the given set F and any 
£ > are then 



To prove |4"|. start by observing that v n + u* is a unitary of order 2 such that 
Ad(w„ + d*) exchanges p n and q n . So we can write the map ip n of Lemma |2.1l as 
the composite of the maps 

p n ■ M t( „_i) 8 M t ( n _i) -> M t („) and cr„ : M t ( n ) -> M t(n) 8 M t („) 

given by p„(a, 6) = a ® p„ + 6 g„ for a, 6 S -M t / n _i) and 



which is obviously a UHF algebra. 

We complete the proof by showing that (JSJ and © both imply JSJ, which we 
do by contradiction. Assume © fails. Choose No such that rank(p n ) > rank(g„) 
for all n > N Q . Identifying K (C* (Z 2l M t(N()) )) with 1? as in Lemma 00 , set 
rj No = (1, -1) € X (C*(Z 2 ,M t(A r o) )). Let JV > iV . Using Lemma lOtll . we get 



for projections ejv, Jn € ® n =iV +i ^k(n) with ejv + /at = 1. Moreover, rank(eAr) > 
rank(/jv) by Lemma l2.3l(3l . Lemma l2.1l|2")l implies that the image r/N of 77jv in 
K (C*(Z 2 , M t (jv))) is (/ 7v 7 — ijv) w hh Zjy = rank(eAr) — rank(/jy). Since l N ^ for 
all N, the image 77 of in Kq(C*(Z 2 , D, a)) is nonzero. Lemma [2.1ll2l implies 
that a* (77) = — 77. Since ifo(C*(Z2, D, a)) has no torsion, we have —77 7^ 77, so JJjJ 
fails. Moreover, for every > ATq, neither tjjv > nor —77^ > 0. Therefore neither 
77 > nor —77 > 0, whence © fails. I 



eo = 1d n ® /, ei = 1^ <g> (1 - /) e Djv+i C D. 



a n (a) = (a, [1 ® (tj„ + <)]a[l ® (u„ + <)]) 
for a € Mt( n ). Then Z? is the direct limit of the system 



P20CT1 p 3 0CT 2 

AZ t (i) ► M t (2) > M t (3) 
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The last statement in the following proposition is a generalization of a statement 
at the end of Example 3.14 of ^Oj- It i s a l so m Example III. 4 of [§]. 

Proposition 2.5. Let a G Aut(D) be a product type automorphism of order 2 as 
in Lemma \'2. II and adopt Notation 12. 21 Then the following are equivalent: 

(1) The action a has the tracial Rokhlin property. 

(2) The dual action a is tracially approximately representable. 

(3) A(m,oo) = for all m. 

(4) C*(Z 2 , D, a) has a unique tracial state. 

(5) a is trivial on T(C*(Z 2 , D, a)). 

(6) If 7r is the Gelfand-Naimark-Segal representation associated with the unique 
tracial state r on D, then the automorphism a of n(D)" induced by a is 
outer. 

Moreover, if these conditions fail, then C*(Z2, D, a) has exactly two extreme tracial 
states, which are interchanged by a. 

Proof. That (JTJ implies © is Theorem EBP - To see that © implies ©, observe 
that a is tracially approximately inner by Remark 11.71 and apply Proposition 5.9 
of That implies JSJ is obvious. For the reverse, it is evident from the 

description of the dual action on the direct system of crossed products C*(Z 2 , D ra ) in 
Lemma l2 . 1 I that C*(Z 2 , D, a) has only one a- invariant tracial state. The equivalence 
of ||TJ and |JBJ follows from Theorem 5.5 of 

We now prove that JSJ implies 10, and also prove the last statement. Assume 
fails. 

Let tr m denote the normalized trace on M rn . Tracial states on C*(Z2, D, 7) 
are in one to one correspondence with sequences (r n ) ne N of tracial states r„ on 
M t i n ) © Mt{n) satisfying the compatibility conditions r„ o ip n = r n _i for all n. The 
tracial state r„ has the form r n (a,b) = r„tr t („)(a) + s„tr t ( n )(6) for r n ,s n e [0,1] 
with r n + s n — 1. To describe the compatibility condition, for A G K define the 
matrix 

i + A i-A \ _ / 1 1 y 1 f 1 0\/l 1 \ 

1-A 1 + A J \ 1 -1 J \0 X J \1 -1 J' 

From the second expression, we see that T(Xfi) — T(A)T(/i) for A, \i G K, and 
that T(l) = 1. From the first expression, we see that k(n)T(X n ) is exactly the 
matrix T n of partial embedding multiplicities of ip n , as in Lemma l2~TTl2")l . Thus, the 
compatibility condition is exactly T(A„)(r„, s n ) = (r n -i, Sn-i) in K 2 - 

For use below, we also observe that if A e [0,1], if (r ,s ), (r, s) G M 2 satisfy 
T(X)(ro, sq) — (r, s), and if ro, so G [0, 1] with ro + sq = 1, then r, s G [0, 1] with 
r + s = 1 . 

We claim that a sequence (r„,s„) n6 N corresponds to a tracial state on the 
crossed product C*(Z 2 ,D,j) if and only if there is r G [0,1] such that for all 
n G N we have (r n ,s„) = T(A(n, oo))(r, 1 — r). One direction is easy: given r, 
the sequence (r„, s„)„ 6 n defined by T(A(n, oo))(r, 1 — r) = (r„, s n ) clearly satisfies 
f n ,s n G [0,1] and r n + s n — 1, and the compatibility condition follows from the 
relation A(n, oo)A n = A(n — 1, 00). For the other direction, choose m G N such 
that A(m, 00) 7^ 0. Define r, s G R by (r, s) = T(A(m, oo)) _1 (r m , s m ). The compat- 
ibility condition guarantees that T(A(n, oo)) _1 (r n , s n ) = (r, s) for all n > m. Now 
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Efelm+i lo g(^fc) converges to log(A(m, oo)), so 

oc 

log ( lim A(n,oo)j = lim log(A;) =0, 

l=n+l 

whence Imin^^ A(n, oo) = 1. Therefore linv^^ r n — r and Ivain^^ s n — s. It 
follows that r,s 6 [0, 1] and r + s = 1. We already have T(A(n, oo))(r, s) = (r„, s n ) 
for n > rn, and the compatibility condition implies that this relation holds for 
7i < m as well. This completes the proof of the claim. 

We now have an affine parametrization of the tracial states on C*(Z2, D, 7) by 
[0, 1], from which it is clear that there are exactly two extreme tracial states. That 
the dual action exchanges them is clear from the identification of the dual action 
with the flip in Lemma \'2. II Thus, JHJ fails. We have also verified the last claim 
whenever © fails. 

We now prove that 10 implies £[J. Assuming we verify the hypotheses 
of Theorem 11.91 (Here, we use only a weak form of this theorem.) It suffices to 
consider finite subsets F of the dense subalgebra \J^ =1 D n C D. Thus, let F C Djv, 
and let e > 0. By hypothesis, we have A(N, 00) = 0. So there exists n such that 
A(N, N + n) < e. Using Lemma 1231 write 

N+n 

Ad(p m - q rn ) =Ad(p- q) 

m=N+l 

for projections p,q <E QQmt^N+i ^fe(-m) such that p + q = 1 and rank(p) > rank(g), 
and note that Lemma l2.3l|oT) implies 



rank(p) — rank(q) = A(N, N + n)[rank(p) + rank(g)]. 



Choose v € (S>m=7V+i My m ) snch that vv* < p and v*v = q. Define fo, fi £ 



®miiv+i M Hm) by 

fo = \{w* + q + v + v*) and f\ = \{w* + q — v — v*). 

Then one verifies that fo and f\ are orthogonal projections with sum vv* + q, and 
that moreover the unitary w = p — q satisfies w/qw* = fx and wfxw* = fo. Now 
set 

eo = ® /o, ei = 8/16 -Djv + „ C L>. 
Then eo and ei commute exactly with every element of D jy, and hence with every 
element of -F, and moreover a(eo) = ei and a(e±) — eo. Furthermore, the unique 
tracial state r satisfies 

r(l - e - er) = 1 - r 2 / = A(iV, AT + n)< e. 

rank(p) + rank(g) 

So Theorem II .91 implies that a has the tracial Rokhlin property. I 

Proposition 2.6. Let a E Aut(£>) be a product type automorphism of order 2 as 
in Lemma \'2. II and adopt Notation 12. 21 Then the following are equivalent: 

(1) The action of Z2 generated by a is outer, that is, there is no unitary u G D 
such that u 2 = 1 and wait* = a(a) for all a € D. 

(2) The automorphism a is outer, that is, there is no unitary u G D such that 
uau* = a(a) for all a E D. 

(3) There are infinitely many n £ N such that A„ < 1 (that is, <?„ 7^ 0). 
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(4) C*(Z 2 ,D,a) is simple. 

Proof. We first prove that (JTJ implies J3J. This uses only the fact that the center 
of A is C ■ 1. So suppose that u G D is a unitary such that wait* = a (a) for all 
a <E D. Putting a — u, we get a(u) = u. Using a 2 = id^i, we then find that u 2 is 
central. Therefore u 2 G C ■ 1. So there iswGC such that u = lou satisfies v — 1, 
and clearly t>av* = a(a) for all a E D. 

That JSJ implies Q follows from Theorem 3.1 of [T5|. 

If JU fails, it is well known that C*(Z 2 , D, a) = D ® D. Since D D is not 
simple, we have proved that J3J implies QJ. 

It is easy to see that JJJ implies (J2J): if © fails, then there is n such that q m = 
for all to > n, and 

U = (pi - Ol) ® (P2 - 32) ® • • • <8> (Pn - In) ® 1 

is a unitary such that u 2 = 1 and uau* = a(a) for all a G £>. 

We prove that implies l@J. Using Lemma l?"3"l|4*|l . we may pass to a subsystem 
and assume that rank(g n ) 7^ for all n. In this case, Lemma 12.11 shows that the 
partial embedding multiplicities in the direct system of crossed products are all 
nonzero, whence C*(Wi2, D,a) is simple. I 

We are now ready to give examples. The first example is the most regular 
possible, and is given to contrast with the remaining ones. 

Example 2.7. Let a be the automorphism of order 2 given by 

00 00 
D = (g) M 2 and a = Ad 

n— 1 n— 1 

Then the action of Z2 generated by a is strictly approximately representable and 
has the strict Rokhlin property, the crossed product is again the 2°° UHF algebra, 
and the dual action is just another copy of the given action. All this is easily proved 
using Proposition ^. 41 fand Lemma l2~Tl to precisely identify the crossed product and 
dual action), and is also a special case of Example 3.2 of |11|. 

Example 2.8. Let a be the automorphism of order 2 given by 

00 00 
£> = (g)M 2 n and a=(g)Ad(l 2 „-i +1 ffi(-l 2 n- 1 _ 1 )). 

n— 1 n— 1 

The automorphism in the n-th tensor factor is conjugation by a diagonal unitary 
in which 2™ _1 + 1 diagonal entries are equal to 1 and 2 n_1 — 1 diagonal entries are 
equal to -1. Note that D is the 2°° UHF algebra. 

Following Notation 12.21 we have A„ 7^ for all n, but A(n, 00) = for all n. 
Applying Lemma f2. II and Propositions 12 .41 and 12 . 51 we obtain the following: 

(1) The action a has the tracial Rokhlin property but not the strict Rokhlin 
property. 

(2) The action a is strictly approximately representable. 

(3) The dual action a has the strict Rokhlin property. 

(4) The dual action a is tracially approximately representable but not strictly 
approximately representable. 

(5) The dual action a is nontrivial on Kq(C*(Z2, D, a)). 

(6) D is a UHF algebra. 
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(7) C*(Z 2 , £>, a) is a simple AF algebra with unique tracial state but is not a 
UHF algebra. 

The following example was suggested by Izumi. Some of the properties given 
here are folklore, but we have been unable to find a reference for the proofs. This 
example is a special case of an example used for other purposes in Example 3.14 

of ma. 

Example 2.9. Let a be the automorphism of order 2 given by 

oo oo 

£> = (g)M 2 n and a=(g)Ad(l 2 n_i©(-l)). 

n—1 n— 1 

The automorphism in the n-th tensor factor is conjugation by a diagonal unitary 
in which 2™ — 1 diagonal entries are equal to 1 and one diagonal entry is equal to 
-1. Note that D is the 2°° UHF algebra. 

Following Notation l2.2l we have A(n, oo) ^ for all n. Applying Lemma |2~TI and 
Propositions l2.4l 12.51 and 12.61 we obtain the following: 

(1) The action a is outer but does not have the tracial Rokhlin property. 

(2) The action a is strictly approximately representable. 

(3) The dual action a has the strict Rokhlin property. 

(4) The dual action a is not tracially approximately representable. 

(5) The dual action a is nontrivial on T(C*(Z 2 , D, a)). 

(6) D is a UHF algebra. 

(7) C*(Z 2 , D, a) is a simple AF algebra with more than one tracial state. 

(8) In the factor representation of D associated to the trace, a becomes inner. 

Example 2.10. Let B be the 2°° UHF algebra, and let D be a UHF algebra such 
that B gj D -ft D . Then there exists an action of Z 2 on D with the tracial Rokhlin 
property, but there is no action of Z 2 on D with the strict Rokhlin property. 
For the first statement, write 

oo 

D = M m <g> M 2k{n)+1 

n=2 

with m a power of 2 and with k(n) > 1 for all n. Then take 

oo 

a = id Mm ® Ad(l fe(n)+ i (-l fe( „))). 
n=l 

Following Notation 12.21 one has A„ < | for all n > 2. Thus, Condition ^ of 
Proposition 12 . 51 is satisfied. 

Now suppose a is any action of Z 2 on D. Theorem 3.5 of |12j implies, in particu- 
lar, that if the action had the strict Rokhlin property, then D would be isomorphic 
to its tensor product with the 2°° UHF algebra, contrary to hypothesis. 

3. BLACKADAR'S EXAMPLE HAS THE TRACIAL ROKHLIN PROPERTY 

This section is devoted to the following example. 

Example 3.1. Let A be the 2°° UHF algebra, and let a be the automorphism 
constructed in Section 5 of 0]. It follows from Corollary 5.3.2 of 0] and Takai 
duality j^H] that C*(Z 2 ,A, a) is not an AF algebra. We prove in Proposition 13.41 
below that a generates an action of Z 2 with the tracial Rokhlin property, and in 
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Proposition 13.51 below that this action does not have the strict Rokhlin property, 
and that the the dual action is tracially approximately representable but its gen- 
erator induces a nontrivial automorphism of K\. By construction, the action of Z2 
generated by a is strictly approximately representable in the sense of Definition ll.3l 
(The construction is recalled below.) It follows from Theorem ll.5l{2"}l that the dual 
action on C*(Z2, A, a) has the strict Rokhlin property. 

We remark that the methods used to prove the tracial Rokhlin property in this 
example seem likely to be more typical of proofs that actions on AH algebras have 
the tracial Rokhlin property than the methods used for Proposition 2.10 of |27j . 

We begin with a convenient description of the construction in 0], following Sec- 
tion 5 there. We make the convention that in any block matrix decomposition, 
all blocks are to be the same size, and we write l n for the identity of M n . We 
take the identification of M m <g> M n with M mn to send a <g> ej ; fc to the n x n block 
matrix with m x m blocks, of which the (j, k) block is a and the rest are zero. 
Thus, a(E> 1 = diag(a, a, . . . , a). Also, we identify the circle S* 1 with M/Z, and write 
elements of C(S 1 ) as functions on [0, 1] whose values at and 1 are equal. 

Following Definition 3.1.1 of 0], we choose a standard twice around embed- 
ding ip + : C(S 1 ) — > C(S 1 , M2), given by choosing a continuous unitary path c £ 
C([0,1], M 2 ) with 

c(0) = 1 and c(l) = ' " ' 



1 



and then setting 



f(¥) 




/(!(* + !)) 



c (ty 



for / G CiS 1 ). Further let tp~ : C'^S 1 ) -> C(S 1 ,M 2 ) be the standard -2 times 
around embedding tp~(f)(t) = <p + (/)(l — t). Extend everything, using the same 
notation, to embeddings of C(S 1 ,M m ) in C(S' 1 , M 2m ), by using y>+ (g> idM m , etc. 

Following Section 5 of set A n = C(S 1 , M41.) and, remembering our conven- 
tion on block sizes, define a unitary in c A n by u n — diag(l, —1). Further 
define ip n : A n — > A n+X by 



A,2 
31,1 



9 



\ 





(hi) 





9 



•r 





•(/a,a) 


(ha) 



(/l,2) 



+ (/ 2 , 2 ) 







(/ 2 ,1 





Theorem 4.1.1, Proposition 5.1.1, and Proposition 5.1.2 of 0] show that the direct 
limit of the A n using the maps ip n is the 2°° UHF algebra A, and that the automor- 
phisms a n = Ad(u n ) of A n define an automorphism a of A of order two. It follows 
from Takai duality EH] and Propositions 5.2.2 and 5.4.1 of 4 that C*(Z 2 , A a) is 
isomorphic to the tensor product of A and the 2°° Bunce-Deddens algebra. 



Further let i n ■ 
and define a n : — 



— > A n be the embedding of matrices as constant functions, 

M 4 n+i by 



/ ai,i ® 1 2 



01,1 

012,1 



ai,2 
a 2 ,2 



a.2,1 





02,2 ® 1 2 



Ol,2 ® 12 



Ol,2 <8 Is 


a 2 ,2 <8> Is 







02,1 



01,1 O I2 / 
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It is a consequence of the next lemma that L n +i ° cr n = i>n ° Moreover, we get 
an automorphism fi n of M 4 « by defining [i n — Ad(u n ), and i n o fi n = a n o i n . 

Lemma 3.2. Let the notation be as above. Let s > 0, let / € A n , and let a G M 4 n. 
Suppose f(t) = a for all te[s,l-e]. Then ip n {f){t) = a n {a) for all t G [2e, l-2e]. 
In particular, o er rl = o t„. 



Proof. Write 



f = [ f 1 f 2 ) and a = f fll < 2 

* /2,1 J2,2 / V 012,1 02,2 










)-( 


v 


a .k J 



Then for each j and fc, we have fj,k(t) = o-j.k for all t G [e, 1 — e]. For t G [2e, 1 — 2e] 
we therefore get 

hk (\t) 

o &fc (§(* + !)) 

which commutes with c(t). I 

In the next lemma we show, roughly, that whenever an clement / G A n = 
C{S 1 , M41.) is unitarily equivalent in C([0, 1], M 4 n), via invariant unitaries, to a 
function with small variation over intervals of length 8, then ip n {f) is unitarily 
equivalent in C([0, 1], M 4 n+i), again via invariant unitaries, to a function with small 
variation over intervals of length 25. 

Lemma 3.3. Let the notation be as above. Let t x(t) be a unitary element of 
C([0, 1], M 4 «) such that [i n (x(t)) = x(t) for every t G [0,1]. Then there exists a 
unitary clement t 1— > y(f) of C([0, 1], M 4 n+i) such that n n +\(y(t)) = y(t) for every 
i G [0, 1], with the property that whenever e > 0, 5 > 0, and / G A n satisfy 

\\x(s)f(s)x(s)*-x(t)f(t)x(ty\\ <e 

for all s, t € [0, 1] such that |s — i| < <5, then 

lb(*)iM/)(*M*r - s/WV-n (/)(%(*)* II < e 

for all s, t G [0, 1] such that \s - t\ < 25. 

Proof. The equation fi n (x(t)) = x(t) implies that we can write x(t) = X\(t) © x?,(f) 
for unitaries xi, X2 G C([0, 1], M 2 2n-i). For j — 1,2 define 

*w-( ,,( o W «,(}(!+!)) )«')■■ 

Then define 

y(t) - diag(yi(t), 2/2(1 - i), y 2 (t), - *)). 

Evidently y is a unitary in C([0, 1], M 4 n+i) and /j, n +i(y(t)) = y(t) for every t G [0, 1]. 

To verify the conclusions of the lemma, it will simplify the notation to conjugate 
everything by the permutation matrix 

/ 1 \ 

10 

w = 

1 

\ 1 j 
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(This conjugation is also used in Section 5 of 0].) Thus, let 



V 



o 

¥> + (/2,l) ¥> + (/ 2 , 2 ) 

V"(/l,l) ^ _ (/l,2) 

p-(/a,i) ^(/ 2 , 2 ) / 



let 
let 



u = wti n+ ira* = diag(l, -1, -1, 1), 



y(t) = wy(t)w* = diag(y x (t), y 2 (*), 2/i(l - t), 2/2(1 - t)), 

and similarly define pt, etc. Note that T= 

Let e > 0, 6 > 0, and / € A n be as in the hypotheses. Define 

yi(t)v + (/i,i)(%i(tr yiW^ + (/i,2)(t)y 2 W' 
y 2 W^ + (/ 2 ,i)(i)yiW* 2/2(% + (/2,2)(i)y 2 (t)' 



»(*) = 

and note that 



ym(f)m* = di a g(g(t),g(l-t)). 
Accordingly, it suffices to prove that if 

\\x(s)f(s)x(sy -x(t)f(t)x(t)*\\ <e 

for all s, t E [0, 1] such that \s — 1\ < S, then 

\\g(a) - g(t)\\ <e 

for all s, t e [0, 1] such that \s-t\<26. 
Let v be the permutation matrix 

/ 1 \ 
10 
V ~ 10 ' 
\ 1 / 

When one calculates vg(t)v* by substituting the formulas for yj(t) and ip + in the 
expression for g(t), the factors c(t) and c(t)* all cancel out, and the final answer is 

vg(t)v* = diag (x (it) / (it) x (it)* , x (\{t + 1)) / (i(t + 1)) x (±(t + 1))*) . 

Since we are assuming 

\\x(s)f(s)x(s)* - x(t)f(t)x(t)*\\ < s 
for all s, t € [0, 1] such that \s — t\ < 6, it is immediate that \s — t\ < 26 implies 

\\vg(s)v* - vg(t)v*\\ < e, 

whence also 

\\g(s) - g(t)\\ <e, 

as desired. I 

Proposition 3.4. The automorphism a of Example 13 . II generates an action of Z2 
with the tracial Rokhlin property. 



ACTIONS WITH THE TRACIAL ROKHLIN PROPERTY 



17 



Proof. Let the notation be as before Lemma 13.21 Let r be the unique tracial state 
on A = lim A n . Define a tracial state r n on A n by 

r„(/)= / tr 4 »(/(<))tft, 
Jo 

where tr m is the normalized trace on M m . Then one checks that r„ +1 o tp n = r n for 
all n. It follows from the uniqueness of r that t\a„ = i~ n for all n. 

We use Theorem 11.91 to verify the tracial Rokhlin property. So let F C A be 
finite and let e > 0. Choose m and a finite set So C A m such that every element of 
F is within |e of an element of Sq. 

The set So is a uniformly equicontinuous set of functions from [0, 1] to M^™ , so 
there is 5 > such that whenever s, t G [0, 1] satisfy |s — 1| < <$, then 

ll/(«)-/(*)ll<ie 

for all t £ [0,1] and all / G So. Choose n € N with n > m and so large that 
2 n ~ m 6 > 1. Apply Lemma f3. 31 a total of n — m times, the first time with = 1 
for all i, obtaining after the last application a continuous unitary path ! h 
in C([0, 1], M47.) such that /j, n (z(t)) = z(t) for every £ £ [0,1]. Replacing z(t) by 
z(0)*z(t), we may clearly assume that z(0) = 1. Then, in particular, 

IK«)*/(o)z(*)-/(t)||<§ £ 

for all t S [0, 1] and all f € So- Recall that we identify C(S 1 ,B) with the set of 
functions / £ C([0, 1], B) such that /(0) = /(l). Since the fixed point algebra 
A"" = C^S 1 ,!/^)"" is just C(S\ M|tr), and since is finite dimensional, 

there is an a n -invariant unitary y £ A n such that y(t) = z(t) for i 6 [0, 1 — |e] . 
Then for each f £ So, regarded as a subset of A n , there exists g £ A n such that 
\\y*9D-f\\ < |e and 5(0 = /(0) for < S [0, 1 - |e] . Let S be the set of all elements 
g obtained in this way from elements of So- In particular, for every a £ F there is 
g £ S such that \\a — y*gy\\ < \e. 

We claim that there are orthogonal positive elements bo, b\ £ A n+ i C A such 
that bjg = gbj for all g £ S, and such that 

a n+ i(b ) = bi, a n+ i(bi)=bo, < b , bi < 1, and < r(l - b Q - h) < e. 

For this purpose, it suffices to use in place of ip n the unitarily equivalent homomor- 
phism 

^=w^ n (-)w*: CiS^M^) -> C(S 1 ,M 4 »+ I ) 

in the proof of Lemma \'6. 31 (called ui n in the proof of Proposition 5.1.1 of 0]), and 
to use in place of a n+ \ the automorphism 

a = Ad(u>) o a„+i = Ad(u) = Ad(diag(l, -1, -1, 1)). 

Note that this change does not require any change in the formula for the trace r n +i, 
and also does not affect the first part of the conclusion of Lemma EQ1 Accordingly, 
if 

f 9i,i 9i,2 

V 32,1 52,2 
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then tf)(g) € C(S 1 , M 4 »+i) satisfies 
/ Si.i(O) 5i, 2 (0) 

52,l(0) 52,2(0) 






V 

for t e [\e, l-\e\. 
Now set 

/ 1 

1 

V o 






<?i,i(0) 3i, 2 (0) 

<?2,l(0) 5 2, 2 (0) J 



9(0) 




P ° = 2 






1 





\ 


1 





1 







1 







1 





1 





and 



Pl= 2 



V o 

both in Mi{M^n), In 2 x 2 block form, we can write 



-1 

1 






9(0) 



\ 

-1 



1 







with 



-1 



1 



K \ 1 ) ' and pi = \[ -i 

With these formulas, it is easy to check that po and p\ are projections with po - 



-1 
1 



Pi = 
, and 



1, that po and p% commute with tp(g)(t) for every g & S and t € \\e, 1 — \ 
that Ad(w) exchanges po and Pi- 

Now choose and fix a continuous function h: [0, 1] — > [0, 1] such that hit) = 
for t £ 1 — |e] and /i(t) = 1 for £ 6 [|e, 1 — ie] , and define 6j(t) = h(t)pj 
for j = 0, 1. Then &o and 6i are positive elements with bo, b\ < 1, which commute 
with ^(g) for every g £ S, which satisfy &o^i — 0, such that Ad(u) exchanges bo 
and b\, and such that < r„ + i(l — f>o — &i) < £• This proves the claim above. 

We return to the use of ipn+i, and we let &o, &i S A n+ \ C i be as in the claim 
(rather than its proof). In A n+ \ C A, define ao — y*boy and a% = y*b\y. Since 
a(y) = y, it follows that ao, a\ £ A n+ \ C A satisfy ajy*gy — y*gya,j for all g S S, 
and 

ooai = 0, a n +i(ao) = Oi, < ao, a>i < 1, and < t(1 — ao — ai) < e. 
For a £ F choose g £ S such that \\a — y*gy\\ < \e. Then 

||[0j,o]|| < 2||o-y*OTll + l|[oj, y*gy]\\ < 2(|e) + = e. 

This completes the verification of the hypotheses of Theorem ll.9l so it follows that 
a has the tracial Rokhlin property. I 

Proposition 3.5. Let a 6 Aut(A) be as in Examplc l3.il Then: 

(1) The action of Z2 generated by a does not have the strict Rokhlin property. 

(2) The dual action on C*(Z2, A, a) has the strict Rokhlin property. 

(3) The dual action is tracially approximately representable. 

(4) The generating automorphism a of the dual action acts nontrivially on 
K 1 (C*(Z 2 ,A,a)). 

Proof. We have already observed in Example 13.11 that C*(2,2,A, a) is not AF. 
Therefore Q follows from Theorem 2.2 of [^j. 
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It is immediate from the discussion following Example 13 . II that the action of Z 2 
generated by a is strictly approximately represcntablc in the sense of Dcfinition ll.3l 
Part therefore follows from Theorem 1 1.5l|2*|) . 

Part 10 follows from Proposition 13 . 41 and Theorem 1 1.6l(TJl . 

It remains to prove (QJ. We continue to follow the notation introduced after 
Example 13. II Let B n be the fixed point algebra 

A" n = C{S\ M&n-i) e C(S\ M 2 2„_i) c C{S\ M 4 n), 

with the embedding being as 2 x 2 block diagonal matrices. Let B = limi?„, which 

is also equal to A a . Let j3 n £ Aut(£?„) be fl n (f,g) = (<?)/)■ By Proposition 5.2.2 
of 0] and the preceding discussion, there is a corresponding automorphism f3 of 
the direct limit, A = C*(Z 2 , £?, /?), and the isomorphism can be chosen so that a 
generates the dual action. By Takai duality it therefore suffices to show that 
(3 is nontrivial on Ki(B). 

Following the discussion after Corollary 5.3.2 of let v £ B x C Ax = C(5 1 , M 4 ) 
be the unitary 

v(t) = diag (e 2 ™*, e 2 ™*, e" 2 "*, e" 2 ™*) . 
As there, the image of [v] in Ki(B) is nonzero. It follows from Proposition 5.3.1 
of 0] that K\{B) is torsion free, and one checks that [/3i(i>)] = —[v], so = 

4. Torsion in K of the crossed product 

In this section, we give two examples related to 10.11.3 of Let A be the 
simple unital AF algebra with i^o^) = © Z, with Z[i] given the order from 
R, with the strict order from the first coordinate on the direct sum, and with 
[1a] = (1, 0). A proof is outlined in 10.11.3 of [2] that if there is an automorphism 
a of A of order 2 such that a*(r],k) — (77, —k) on Kq, (A), then C*(7,2,A, a) is 
not AF because Ki(C*(Z 2 , A, a)) ^ or K Q (C*(Z 2 , A, a)) has torsion. Using the 
K-theory of any odd UHF algebra in place of , we give examples of actions of 
Z2 showing that both possibilities can occur, and which moreover have the tracial 
Rokhlin property. To our knowledge, no previous example was known of an action 
of a finite group on an AF algebra such that the K-theory of the crossed product 
has torsion. The fact that the actions have the tracial Rokhlin property allows us 
to show that the crossed products are classifiable. 

Example 4.1. Let m <E N. Define h: S 2m -> S 2m by h{x) = -x, and let (3 € 
Aut(C(S' 2 " 1 )) be the corresponding automorphism of order 2. For r £ N and b £ 
S 2m , define Vv,&: C{S 2m ) -> M 2r+1 <g> C(S 2m ) by 

AAfKx) - diag(/(x), f(b), f(h(b)), f(b), f(h(b)), . . . , f(b), f(h(b)j) 

for x £ S 2m , where f(b) and f(h(b)) each occur r times. Choose a dense sequence 
(aj(n)) n gN in S 2m , and choose a sequence (r(n)) ng N of positive integers such that 
lirrin^oo r(n) = 00. Set 

s(n) = [2r(l) + l][2r(2) + 1] ■ • • [2r(n) + 1], 

and set A n = M s r n j ® C(S 2m ), which, when appropriate, we think of as 

M 2r( i) + i ® M 2r(2)+1 ® • • • ® M 2r(n)+1 ® C7(5 2m ). 

Define y>„ : A„_i A„ by ^„ = id Ms( „_ 1) ® ^(™),r(n)- Then set A = limA n . 
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For r € N define a unitary w r € M2r+i by 

™ r =dia g (i, (5 S)> ( ? 5 )> ( i J ))■ 

Then define an automorphism a n £ Aut(A n ) of order 2 by 

a n = Ad(lO r (!) ® W r ( 2 ) <8> • • • ® w r (n)) ® /3. 

One checks that ip n o a n _i = q„ o ip n , so that the automorphisms a n define an 
automorphism a G Aut(^4) of order 2. 

Proposition 4.2. Let ^4 and a £ Aut(A) be as in Example 14. II Then: 

(1) A is a simple unital AF algebra with a unique tracial state. 

(2) C*(Z 2 , A, a) is a simple unital AH algebra with no dimension growth, tra- 
cial rank zero, and a unique tracial state. 

(3) The action of Z 2 generated by a has the tracial Rokhlin property but not 
the strict Rokhlin property. 

(4) The action of Z 2 generated by a is tracially approximately representable 
but not strictly approximately representable. 

(5) There is a dense subgroup G of R, contained in Q, such that Kq(A) = G©Z, 
with the strict order from the first coordinate, and a*(r], k) — (77, —k) for 
rj e G and k 6 Z. 

(6) The torsion subgroup of if (C*(Z 2 , A, a)) is isomorphic to Z 2 ™, and we 
have Ki(C*(Ia,A,a)) = 0. 

Proof. We continue using the notation of Example 14. II The C*-algebra A is almost 
of the form considered in [H] , the only difference being that each map in the direct 
system uses point evaluations at two different points rather than just one. However, 
most of the proofs are still valid. In particular, A is simple (as in Lemma 1 of 8 ), 
and A has real rank zero (by the same proof as for Theorem 9 of In addition, 
the K-theory computation of Theorem 13 of [H] is still valid. We conclude that 
Ki(A) — 0. Moreover, if we let D be the UHF algebra D — M 2r ( n )+i, an d use 

the fact that the reduced K -group K°(S 2m ) is Z, we find that K (A) = K (D)®Z. 
The order unit is ([1], 0), and the order is the strict order from the first coordinate. 
That is, 

K (A)+ = {{ V , k) e K {D) 8 Z: V > 0} U {(0, 0)}. 

Lin's classification theorem (Theorem 5.2 of m the form given in Proposi- 

tion 3.7 of [23, therefore applies to this direct limit, and we conclude that A is 
an AF algebra. Note that it has a unique tracial state r. Since j3 is multiplication 
by —1 on K°(S 2m ) (it reverses the sign of the Bott element), it follows that, with 
Kq(A) as described above, a*(?7, k) = (77, — k) for 77 e Kq(D) and k € Z. We have 
proved {Q and ©. 

We show that the action of Z 2 generated by a has the tracial Rokhlin property, 
which is the first part of J2J ■ By Lemma H~Hl it suffices to show that for every n and 
every e > 0, there is a projection e S A such that ea(e) = 0, e and a(e) commute 
with every element of A n , and r(l — e — ot{e)) < e. Choose k > n + 1 such that 
l/[2r(fc) + 1] < e, take 

eo = diag (°'(J o)'(o )■■■■' (0 o)) eA W)+i> 
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and take 



e = 1m, 



(fc-i) 



® e ® l C (s 2 ™) e A fe . 



We now compute the crossed product. Since the action of Z 2 on S 2m is free, 
and S 2m /Z2 is the real projective space KLP 2m , there is a strong Morita equivalence 
between the fixed point algebra C(S 2m ) Z2 = C(MP 2m ) and the crossed product 
B = C*(Z2, S 2m , h). (For example, see Situation 2 in [2E]- Our case is exactly 
the specific example described there.) So C*(Z2,^4, a) is an AH algebra with no 
dimension growth, which is the first part of J2J). Tracial rank zero follows from 
Theorem 2.6 of and simplicity follows from Corollary 1.6 of Because A 
has a unique tracial state, Proposition 5.7 of 5 implies that C*(Z2,A, a) has a 
unique tracial state. 

We have K*(B) K*(RP 2m ). Thus (sec Proposition 2.7.7 of [T]), ^(B) = 
and Kq(B) = Z © Z2™. Moreover, for any unital homomorphism e: £> — > M 2 , the 
isomorphism identifies e* : Z © 7*2 m — > Z with the projection to the first factor. 

Fix n, and set y = uvm ® «V(2) <8> • •• <8> iy r ( n _i). Then a„_i = Ad(y) ® /? and 
<x n = Ad(y) ® Ad(uv) ® /3. The actions of Z2 these automorphisms generate are 
exterior equivalent to those generated by idjv^, _ 1} <g>/3 and idjw , _ 1} ®Ad(io r )®/3, in 
a manner which respects ip n . Since crossed products by exterior equivalent actions 
are naturally isomorphic (see, for example, the proof of Theorem 2.8.3(5) of |22j). 
we may identify the crossed product map Tp n ; B n -\ — > B n with the tensor product 
idA/ s( „_ 1} <S> VV(n),x(n) 01 id M s( „_ 1) and the map 



on crossed products induced by VV(n),x(n)- The codomain of VV(n),x(ra) ^ s -^2r(n)+i® 
B by exterior equivalence. Set 



Let e: C(S' 2m ) -> M 2 (C) be e(/) = diag(/(at(n)), f(h(x(n))), let t: M 2 -> M 2 <8> 
C(S' 2m ) be a 1— ► a ® 1, let Z2 act on M2 via Ad(w), and let e and I be the induced 



with loe(a) occurring r(n) times. We have C*(Z 2 , M 2 , Ad(iu)) = M 2 © M 2 , and 
the map e is unital. Identify Kq(M% © M2) with Zffi Z in the obvious way. Identify 
Kq(B) with Z © Z 2 >™ as above, and recall our analysis of the K-theory of unital 
homomorphisms B — > M 2 . Then we have e*(fc, i) = (fc, k) for fc G Z and / S Z 2 ™. 



We have proved ©• Since C*(Z 2 ,^4, a) is now clearly not AF, an application of 
Theorem 2.2 of show that the action of Z 2 generated by a does not have the 
strict Rokhlin property, which completes the proof of J3J) . 

It remains to prove (JIJ. We claim that the map Kq(A) — > Ko(C* (7*2, A, a)) is 
not injective. It is clear that all elements (rj, 0) £ Kq(D) © Z2m, with 77 > 0, are 
positive in Ko(C*(7*2,A,a)). The infinitesimals of Ko(C* (Z2, A, a)) are therefore 
contained in © Z2m . Since infinitesimals map to infinitesimals, and the summand 
OffiZ C Kq(D) ©Z = Kq(A) consists of infinitesimals, the claim follows. Since A is 



^r(n),*(n) : B - C *( Z 2, M 2r( „ )+1 ® C(S 2m ), Ad(w r ) ® /?) 




maps on crossed products. Using naturality, we can identify ty r ( n ) lX {n) with 
a 1 > diag(a, I o e(a), I o e(a), To e(a)), 
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the fixed point algebra of C*(Z2, A, a) under the dual action a, Theorem 3.13 of 
implies that a does not have the strict Rokhlin property. So, by Theorem 1 1.5l(2")l . 
the action generated by a is not strictly approximately representable. 

On the other hand, a is strongly tracially approximately inner by Theorem 6.6 
of |26| . and we know a generates an action with the tracial Rokhlin property, so 
Theorem 4.6 of 26 implies that this action is tracially approximately representable. 
I 

Except for the fact that we have the K-theory of an odd UHF algebra in place 
of Z[^] , we have constructed an automorphism of order 2 of the type suggested in 
10.11.3 of [21. 

Remark 4.3. We continue with the notation of Example l4.il Although we do not 
carry out the details, it is not hard to show that the order on K (C* (Z 2 , A, a)) = 
K (D) Z 2 ™ is the strict order from the first coordinate. We saw in the proof 
of Proposition l4~2l that Lin's classification theorem (Theorem 5.2 of applies. 
(We could also use the classification theorem of |Hj , without appealing to the tracial 
Rokhlin property.) It follows, for example, that C*(Z 2 ,^4, a) is stably isomorphic 
to the direct limit of a system of the form 

C(RP 2m ) — > M 2r(1)+1 ® C(RP 2m ) — > M (2r(1)+1)(2r(2)+1) ® C(RP 2m ) —>••., 

using one copy of the identity map and 2r(n) point evaluations at the n-th stage. 

Remark 4.4. It follows from Theorems II . 51 and II . 61 that the dual of the action in 
Example 14 . 1 1 also has the tracial Rokhlin property but not the strict Rokhlin prop- 
erty, and is tracially approximately representable but not strictly approximately 
representable. 

Example 4.5. This example is the same as Example 14.11 except that we use a 
different homeomorphism h, namely h(xo, x\, . . . , £ 2m ) = (— xq, x\, . . . , a: 2m ). We 
choose our dense sequence to be disjoint from the fixed points of h; this is possible 
because the complement of the fixed point set is a dense open set. We define the 
maps ip r ,b, fn,/3, and a„, and the UHF algebra D, by the same formulas as in 
Example 14. II Let A be the direct limit, as before, and let a be the automorphism 
of order 2 obtained as the direct limit of the automorphisms a n . 

Proposition 4.6. Let A and a £ Aut(A) be as in Example 14. 51 Then: 

(1) A is a simple unital AF algebra with a unique tracial state. 

(2) C*(Z 2 , A, a) is a simple unital AH algebra with no dimension growth, tra- 
cial rank zero, and a unique tracial state. 

(3) The action of Z 2 generated by a has the tracial Rokhlin property but not 
the strict Rokhlin property. 

(4) The action of Z 2 generated by a is tracially approximately representable 
but not strictly approximately representable. 

(5) There is a dense subgroup G of R, contained in Q, such that Kq(A) = G©Z, 
with the strict order from the first coordinate, and a*(r], k) — (rj, —k) for 
i] e G and k 6 Z. 

(6) K (C*(Z 2 ,A,a)) has no torsion, and Ki(C*(Z 2 , A, a)) ^ Z. 

Proof. The algebra A is the same as in Proposition ^. 21 so Q and the first statement 
in © follow from the corresponding parts of Proposition 14.21 The rest of ©, the 
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fact that a generates an action with the tracial Rokhlin property, and the first part 
of Q, all have the same proofs as the corresponding parts of Proposition 14. 21 
The computation of the crossed products is now different. Set 

E = {(x Q ,x 1 ,...,x 2m )eS 2m :x = 0} 

and 

L = {(x ,x 1 ,...,x 2m )eS 2m : x >0}. 

Note that E = S 2m ~ l . There is an injective homomorphism /j,: B — > C(L,M 2 ) 
which sends / e C(S 2m ) to the function fj,(f)(x) = diag(/(x), f(h(x))) and the 
standard implementing unitary in the crossed product to the constant function 
with value 

I 1 

Its image is 

{/ G C(L, M 2 ) : f(x) 1A = f(x) 2 ,2 and f(x) 2 ,i = /(z)i, 2 for x G E}. 
Conjugating by the unitary 

1 / 1 1 



V2 V - 1 1 

we identify B with 

{/ G C(L, M 2 ) : f{x) is diagonal for x G E}. 
We compute K*(B) via a trick. Set 



1 




and C = {/ G C(L, M 2 ) : f(x) G Ce for x £ E}. 



The map C(L) — > C, sending / G C(L) to the function x — ► f(x)e, is an isomor- 
phism on K-theory, essentially because if ® C = AT ® C(L). Thus, Kq(C) = Z, 
generated by the class of the constant function e with value e, so Kq(C) — * Kq{B) 
is injective. There is a short exact sequence 

— ► C — > B — ► C(5 2m_1 ) — ► 0, 

and the associated six term exact sequence in K-theory is 

Z ► K (B) > Z 



Z < K X {B) < 0. 

We have just seen that the map Z — > Kq(B) is injective, and i^o(C(5 2m_1 )) = Z, 
generated by the class of the identity. So K (B) = Z 2 , generated by [e] and [1 — e], 
and Ki(B) = Z. 

As in the proof of Proposition 14.21 we have B n = C*(1j 2i A n , a n ) = M s („) <S> B. 
Moreover, by the same reasoning as there, the map B„_i — > B n = M 2r ( n ) + i® -B«-i 
is the direct sum of the identity map and a map which factors through a finite 
dimensional C*-algebra. Therefore Ki(B n ^i) — > Ki(B n ) is an isomorphism for all 
n, whence Ki(C*(Z 2 ,A,aj) = Z. Furthermore, i^o(C*(Z 2 , A, aj) has no torsion 
because it is a direct limit of groups isomorphic to Z 2 . We now have ©■ We also 
know that C*(1j 2 ,A, a) is not AF, so Theorem 2.2 of implies that a does not 
have the strict Rokhlin property. This finishes the proof of © . 
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We can also prove the second part of Suppose a is strictly approximately 
representablc. Then a has the tracial Rokhlin property by Theorem 1 1.5l[2")l . Using 
dual action, K\(C* (Z2, A, a)) = Z becomes a module over the group ring Z\L^\, 
with the nontrivial group element acting via the nontrivial automorphism. Theo- 
rem 3.3 of implies that Ki(C* (Z2, A, a)) is cohomologically trivial in the sense 
of Definition 3.1(2) of But there are only two ways to make Z a Z[Z2]-module. 
If the nontrivial group element acts trivially, then, in the notation of |12| , we have 
Coker(-ZV) = Z2, while if nontrivial group element acts by multiplication by — 1, 
then Ker(7V) = Z2. In either case, Ki(C* (Z2, A, a)) is not cohomologically trivial, 
and this contradiction shows that a is not strictly approximately representable. 

It remains to prove (J2J). It follows from Theorem 2.6 of that C*(Z2,A,a) 
has tracial rank zero. We have seen that it is a direct limit of type I C*-algebras, 
so that it is nuclear and satisfies the Universal Coefficient Theorem. It is simple by 
Corollary 1.6 of Therefore Lin's classification theorem (Theorem 5.2 of |17|1 
applies. In the form given in Proposition 3.7 of [23, it implies that C*(Z2, A, a) is 
a simple AH algebra with real rank zero and no dimension growth. Proposition 5.7 
of 5 implies that C*(Z 2 , A, a) has a unique tracial state. This completes the proof. 
I 

Unlike in the situation of Example 14. II the classification theorem of does not 
apply to the direct limit, and we do not know of a classification proof which does 
not depend on the tracial Rokhlin property. 

Remark 4.7. In Examples 14.11 and 14.51 the requirement linin^oo r(n) — 00 is 
merely for convenience in proving the tracial Rokhlin property. All features, in- 
cluding the tracial Rokhlin property, hold provided r(n) > 1 for all n. In Exam- 
ple 14.51 (but not in Example 14. lfl , this increases the number of possibilities for 
K (C*(Z2,A,a)). 

Remark 4.8. In Example 14. 51 we do not need to require that all the matrix sizes 
be odd. For example, we could use in place of t/V(7i),x(n) the map which sends 

/ e c(s 2m ) to 

x ~ diag(/(z), f(y(n)), f(z(n)), f(h(z(n)))) 

with y(n),z(n) S S 2m chosen such that h(y(n)) = y(n) and h(z(n)) ^ z(n). In 
place of uv(„) one uses 

/ 1 \ 

10 

1 ' 
\ 1 / 

One gets an action of Z2 on the AF algebra in 10.11.3 of [2j which induces the map 
there on K-theory. 

This particular variation does not work in Example 14.11 because there are no 
fixed points. 

Remark 4.9. Let A be as in Remark 14.81 As in 10.11.3 of 0, there is no a S 
Aut(A) satisfying the following: 

(1) a 2 - id A . 

(2) a*(r), k) = (77, -k) on Ko(A) = Z[±] 8 Z. 

(3) C*(Z 2 ,A,a) is AF. 
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By Theorem 2.2 of there is therefore no a € Aut(A) satisfying 0) and (J2J 
and such that a generates an action of Z2 with the strict Rokhlin property. This 
is a less obvious nonexistence result than for, say, actions of Z2 on the 3°° UHF 
algebra. However, it can also be obtained from Theorem 3.3 of |12 |. 

5. Questions 

The tracial Rokhlin property, as given in Definition 1.2 of is certainly not 
useful for C*-algebras with few projections, may well not be useful for C*-algebras 
with many projections but bad comparison theory, and may not be useful for non- 
simple C*-algebras. The same is true of tracial approximate representability and 
tracial approximate innerness (Definition 5.1 of 26 ). In this section, we give a 
brief discussion of what might be done for the tracial Rokhlin property. Similar 
considerations apply to the other properties, but we have less information on which 
to base any speculation. 

If the C*-algebra A is purely infinite, then the condition in Lemma [1.21 for an 
action a : G — > Aut(A) to have the tracial Rokhlin property is vacuous, since e g = 
for all g £ G still permits Condition ® to hold. Definition 1.2 of contains the 
following extra condition: 

(4) With e = J2g£G e 9 ( as m Condition (J3J), we have ||exe|| > 1 — e. 

(This condition was inspired by Definition 2.1 of |16|.) The definition we originally 
gave in [251 required, instead of Condition that for every N € N one be able to 
choose the projections e g so that, in addition, 

(5) With e = J2 g eG e 9 as before, there are N mutually orthogonal projections 
fii fii ■ ■ ■ j In < e g , each of which is Murray- von Neumann equivalent to 
1 - e. 

Under either extra condition, one can force e g 7^ for all g £ G. The proof of 
Lemma 1.14 of (2EJ then shows that a g is outer for all g £ G \ {1}. 

According to Theorem 1 of ^!5]> if A is a unital Kirchberg algebra (purely infinite 
simple separable and nuclear), and if a € Aut(A) has the property that a n is 
outer for every a 0, then a has the strict Rokhlin property. For finite group 
actions, there are obvious K-theoretic obstructions to the strict Rokhlin property. 
For example, if A is any unital purely infinite simple C*-algebra with Kq(A) = Z 
and generated by [1], such as Goo, then every automorphism is trivial on Kq. If 
a: G — > Aut(.A) had the strict Rokhlin property, then [1] £ Kq(A) would then 
be divisible by card(G), forcing G to be trivial. For classifiable algebras there are 
less obvious K-theoretic obstructions, such as Theorem 3.5 of However, the 
following conjecture seems plausible. 

Conjecture 5.1. Let A be a unital Kirchberg algebra, and let a: G — > Aut(A) be 
an action of a finite group G on A such that a g is outer for all g £ G \ {1}. Then 
a has the tracial Rokhlin property, as given in Definition 1.2 of 26 . 

Since the proof in |19j uses nuclearity in an apparently essential way, we do not 
know what to expect in the nonnuclear case. For algebras which are infinite but 
not purely infinite, the situation is even less clear. 

We now turn to algebras with few projections. The following discussion applies 
only to simple unital C*-algebras with "enough traces" ; if, for example, the alge- 
bra is stably finite but the comparison theory of projections is bad, the smallness 
conditions on the leftovers must be changed. 
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The criterion for the tracial Rokhlin property in Theorem 1 1 . 91 does not mention 
projections, and thus makes sense even if there are no nontrivial projections. We 
suppose, for example, that it probably holds for the flip a®d ^> ft®a on the tensor 
product of two copies of the Jiang-Su algebra Z (As shown in [21], for many 
simple C*-algebras which have many projections, the flip has the tracial Rokhlin 
property.) This suggests taking the criterion in Theorem ll.9l as the definition in the 
absence of enough projections. Since Theorem ll.9l depends on tracial rank zero, this 
suggestion may need to be limited to algebras which are expected to be classifiable. 

There are two tests. First, one might hope for an analog of Theorem 2.6 of |2rj) 
and its generalization in |21j . To include algebras with few projections, and lacking 
an abstract criterion for classifiability for such algebras, we propose the following 
problem. 

Problem 5.2. Let A be an infinite dimensional simple unital C*-algebra which is 
isomorphic to a direct limit, with no dimension growth, of recursive subhomoge- 
neous algebras, as in Theorem 3.6 of [2H- Let a: G — ► Aut(A) be an action of a 
finite group G on A, and suppose that a satisfies the condition of Theorem ll.9l Does 
it follow that C*(G, A, a) is again isomorphic to a direct limit, with no dimension 
growth, of recursive subhomogeneous algebras? 

Note that the class contains the Jiang-Su algebra Z, as well as other simple unital 
C*- algebras with no nontrivial projections. 

Of course, if the answer is no, this might mean that the class of C*-algebras is 
wrong, rather than indicating any any problem with the proposed definition of the 
tracial Rokhlin property. 

For the second test, we begin with a conjecture which seems very plausible. 

Conjecture 5.3. Let A be an infinite dimensional simple unital C*-algebra, let G 
be a finite group, and let a: G — > Aut(A) be an action with the tracial Rokhlin 
property. Suppose that A has real rank zero, stable rank one, and that the order on 
projections over A is determined by traces (Definition 2.4 of |26|; a stable version of 
Blackadar's Second Fundamental Comparability Question as in 1.3.1 in 3]). Then 
C*(G, A, a) also has these three properties. 

This is true for actions of Z on stably finite simple unital C*-algebras, by The- 
orems 3.5, 4.5, and 5.3 of [201 ■ T ne proofs for actions of finite groups should be 
similar but simpler. The expected truth of Conjecture 15.31 motivates the follow- 
ing problem. We drop real rank zero, since we are interested in algebras with few 
projections. 

Problem 5.4. Let A be an infinite dimensional simple unital C*-algebra, let G be 
a finite group, and let a: G — > Aut(A) be an action which satisfies the condition of 
Theorem ll.9l Suppose that A has stable rank one and that the order on projections 
over A is determined by traces. Does C*(G, A, a) also have these two properties? 

We now turn to nonsimple C*-algebras. Ultimately, one hopes for a general 
theory encompassing actions on simple C*-algebras, on commutative C*-algebras, 
and on everything in between. It is not clear what the correct definitions are. The 
commutative case with many projections is not very informative, because of the 
following result. 
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Proposition 5.5. Let the finite group G act on the Cantor set A, and let a: G — > 

Aut(CpO) be the action a g (f){x) = fig^x) for x £ X, g € G, and / € G(A). 
Then the following are equivalent: 

(1) a has the strict Rokhlin property. 

(2) a satisfies the condition of the definition of the tracial Rokhlin property 
(Definition 1.2 of 26 ; see the beginning of this section). 

(3) a satisfies the condition of Lemma Tl. 21 

(4) The action of G on X is free. 

Proof. It is clear that Q implies J5J and (J2J implies ©■ 

Assume ©. Let x € X. Choose a nonempty compact open set K C A such 
that K n Gx = 0. Apply (J3J) with F = 0, with £ = ~, and with x = \k, obtaining 
disjoint compact open sets L g for g 6 G such that Hxgi^ — X£ S J < 5 f° r all 
<?, /i £ G, and such that, with L = UgeG^ff' we have Xx\l ^5 Xk- It follows that 
gLh = L g h for all g,h G G, and that X \ L <Z K. Since x £ L. the map 5 1— > 172; is 
injective. Since this is true for all x £ X, we have proved (@J. 

Now assume (@J. For each x € A, use continuity and freeness to choose a 
compact open set K x C A which contains x and such that the sets gK x , for g € G, 
are disjoint. Choose zi, Z2, . . . ,x n € A such that K Xl , K X2 , . . . , K Xn cover A. 
Inductively set JVi = A 2l and A fc+ i = A fc U [if lH1 n (A \ GN k )}. The sets 3A1, 
for g £ G, are disjoint. Moreover, if the sets gNf., for g e G, are disjoint, then for 
distinct g,h £ G we have 

5 A fe+1 n WVk+i C [ 5 A fe n /iiV fc ] U [gN k n /i(A \ GNk)] 

u [ 5 (A \ ga,) n hN k ] u n hK Xk+1 ]. 

All four terms are clearly empty. By induction, therefore, the sets gN n , for g £ G, 
are disjoint. A related argument shows that GN k contains GK Xl , GK X2 , . . . , GK Xn , 
whence GA„ = A. 

Now the projections e g = XgN n are central, satisfy X) g eG e f = ■'■> anc ^ satisfy 
ctg{eh) = e g h for all g,h £ G. Accordingly, a has the strict Rokhlin property. I 

We suspect, however, that the condition of Lemma 11.21 or even the tracial 
Rokhlin property as defined here, will not be adequate to prove general theorems 
about actions on nonsimple C*-algebras. 
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